
3.52 Verify Stokes’s theorem for the vector field B = (r̂r cos φ + φ̂φφ sinφ) by

evaluating:

(a) n

∫

C
B ·dl over the semicircular contour shown in Fig. P3.52(a), and

(b)

∫

S
(∇×××B) ·ds over the surface of the semicircle.

(a)

2

–2 20
x

y

(b)

x

1

0

2

1 2

y

Figure P3.52 Contour paths for (a) Problem 3.52 and
(b) Problem 3.53.

Solution:

(a)

n

∫
~B ·d~l =

∫

L1

~B ·d~l +
∫

L2

~B ·d~l +
∫

L3

~B ·d~l,

~B ·d~l =
(

r̂r cosφ + φ̂φφsinφ
)
·
(

r̂ dr + φ̂φφr dφ + ẑ dz
)

= r cos φ dr + r sin φ dφ ,

∫

L1

~B ·d~l =

(∫ 2

r=0
r cosφ dr

)∣∣∣∣
φ=0, z=0

+

(∫ 0

φ=0
r sin φ dφ

)∣∣∣∣
z=0

=
(

1
2
r2
)∣∣2

r=0
+ 0 = 2,

∫

L2

~B ·d~l =

(∫ 2

r=2
r cosφ dr

)∣∣∣∣
z=0

+

(∫ π

φ=0
r sin φ dφ

)∣∣∣∣
r=2, z=0

= 0+ (−2cos φ)|πφ=0 = 4,
∫

L3

~B ·d~l =

(∫ 0

r=2
r cosφ dr

)∣∣∣∣
φ=π,z=0

+

(∫ π

φ=π
r sin φ dφ

)∣∣∣∣
z=0

=
(
− 1

2
r2
)∣∣0

r=2
+ 0 = 2,

n

∫
~B ·d~l = 2+ 4+ 2 = 8.



(b)

∇×~B = ∇×
(

r̂r cos φ + φ̂φφsinφ
)

= r̂

(
1

r

∂

∂φ
0− ∂

∂ z
(sinφ)

)
+ φ̂φφ

(
∂

∂ z
(r cos φ)− ∂

∂ r
0

)

+ ẑ
1

r

(
∂

∂ r
(r (sinφ))− ∂

∂φ
(r cos φ)

)

= r̂0+ φ̂φφ0+ ẑ
1

r
(sinφ +(r sinφ)) = ẑ sinφ

(
1+

1

r

)
,

∫∫
∇×~B ·d~s =

∫ π

φ=0

∫ 2

r=0

(
ẑ sinφ

(
1+

1

r

))
· (ẑr dr dφ)

=

∫ π

φ=0

∫ 2

r=0
sin φ (r + 1) dr dφ =

((
−cosφ

(
1
2
r2 + r

))∣∣2
r=0

)∣∣∣
π

φ=0
= 8.


