
3.50 A vector field D = r̂r3 exists in the region between two concentric cylindrical

surfaces defined by r = 1 and r = 2, with both cylinders extending between z = 0 and

z = 5. Verify the divergence theorem by evaluating:

(a)

∫

S
D ·ds,

(b)

∫

V

∇ ·D dV .

Solution:

(a)

∫∫

~D ·d~s = Finner + Fouter + Fbottom + Ftop,

Finner =

∫ 2π

φ=0

∫ 5

z=0

((

r̂r3
)

· (−r̂r dz dφ)
)∣

∣

r=1

=
∫ 2π

φ=0

∫ 5

z=0

(

−r4 dz dφ
)∣

∣

r=1
= −10π,

Fouter =

∫ 2π

φ=0

∫ 5

z=0

((

r̂r3
)

· (r̂r dz dφ)
)∣

∣

r=2

=
∫ 2π

φ=0

∫ 5

z=0

(

r4 dz dφ
)∣

∣

r=2
= 160π,

Fbottom =

∫ 2

r=1

∫ 2π

φ=0

((

r̂r3
)

· (−ẑr dφ dr)
)∣

∣

z=0
= 0,

Ftop =

∫ 2

r=1

∫ 2π

φ=0

((

r̂r3
)

· (ẑr dφ dr)
)∣

∣

z=5
= 0.

Therefore,
∫∫

~D ·d~s = 150π .

(b) From the back cover, ∇·~D = (1/r)(∂/∂ r)(rr3) = 4r2. Therefore,

∫∫∫

∇·~D dV =

∫ 5

z=0

∫ 2π

φ=0

∫ 2

r=1
4r2r dr dφ dz =

(

(

(

r4
)∣

∣

2

r=1

)∣

∣

∣

2π

φ=0

)∣

∣

∣

∣

5

z=0

= 150π.


