
3.55 Repeat Problem 3.54 for the contour shown in Fig. P3.54(b).

Solution: (a)
∫

~B ·d~l =

∫

L1

~B ·d~l +
∫

L2

~B ·d~l +
∫

L3

~B ·d~l +
∫

L4

~B ·d~l,

~B ·d~l =
(

r̂r cosφ + φ̂φφsinφ
)

·
(

r̂ dr + φ̂φφr dφ + ẑ dz
)

= r cos φ dr + r sin φ dφ ,

∫

L1

~B ·d~l =

(

∫ 2

r=1
r cosφ dr

)∣

∣

∣

∣

φ=0, z=0

+

(

∫ 0

φ=0
r sin φ dφ

)∣

∣

∣

∣

z=0

=
(

1
2
r2
)∣

∣

2

r=1
+ 0 =

3

2
,

∫

L2

~B ·d~l =

(

∫ 2

r=2
r cosφ dr

)∣

∣

∣

∣

z=0

+

(

∫ π/

φ=0
r sin φ dφ

)∣

∣

∣

∣

r=2, z=0

= 0+ (−2cos φ)|π/2

φ=0 = 2,

∫

L3

~B ·d~l =

(

∫ 1

r=2
r cosφ dr

)∣

∣

∣

∣

φ=π/2, z=0

+

(

∫ π/2

φ=π/2
r sin φ dφ

)∣

∣

∣

∣

z=0

= 0,

∫

L4

~B ·d~l =

(

∫ 1

r=1
r cosφ dr

)∣

∣

∣

∣

z=0

+

(

∫ 0

φ=π/2
r sin φ dφ

)∣

∣

∣

∣

r=1, z=0

= 0+ (−cosφ )|0φ=π/2 = −1,
∫

~B ·d~l =
3

2
+ 2+ 0−1 =

5

2
.

(b)

∇×~B = ∇×
(

r̂r cos φ + φ̂φφsinφ
)

= r̂

(

1

r

∂

∂φ
0− ∂

∂ z
(sinφ)

)

+ φ̂φφ

(

∂

∂ z
(r cos φ)− ∂

∂ r
0

)

+ ẑ
1

r

(

∂

∂ r
(r (sinφ))− ∂

∂φ
(r cos φ)

)

= r̂0+ φ̂φφ0+ ẑ
1

r
(sinφ +(r sin φ)) = ẑsin φ

(

1+
1

r

)

,

∫∫

∇×~B ·d~s =
∫ π/2

φ=0

∫ 2

r=1

(

ẑ sinφ

(

1+
1

r

))

· (ẑr dr dφ)

=

∫ π/2

φ=0

∫ 2

r=1
sinφ (r + 1) dr dφ

=
(

(

−cosφ
(

1
2
r2 + r

))∣

∣

2

r=1

)∣

∣

∣

π/2

φ=0
=

5

2
.


