
Problem 3.55 Verify Stokes’s theorem for the vector fieldB = (r̂ cosφ + φ̂φφsinφ)
by evaluating:

(a) n

∫

C
B · dℓℓℓ over the path comprising a quarter section of a circle, as shown in

Fig. P3.55, and

(b)
∫

S
(∇×××B) ·ds over the surface of the quarter section.
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Figure P3.55: Problem 3.55.

Solution:
(a)

n

∫

C
B ·dℓℓℓ =

∫

L1

B ·dℓℓℓ+
∫

L2

B ·dℓℓℓ+
∫

L3

B ·dℓℓℓ

Given the shape of the path, it is best to use cylindrical coordinates.B is already
expressed in cylindrical coordinates, and we need to choosedℓℓℓ in cylindrical
coordinates:

dℓℓℓ = r̂ dr + φ̂φφr dφ + ẑ dz.

Along pathL1, dφ = 0 anddz = 0. Hence,dℓℓℓ = r̂ dr and

∫

L1

B ·dℓℓℓ =
∫ r=3

r=0
(r̂ cosφ + φ̂φφsinφ) · r̂ dr

∣

∣

∣

∣

φ=90◦

=
∫ 3

r=0
cosφ dr

∣

∣

∣

∣

φ=90◦
= r cosφ |3r=0

∣

∣

∣

φ=90◦
= 0.

Along L2, dr = dz = 0. Hence,dℓℓℓ = φ̂φφr dφ and

∫

L2

B ·dℓℓℓ =
∫ 180◦

φ=90◦
(r̂ cosφ + φ̂φφsinφ) · φ̂φφr dφ

∣

∣

∣

r=3

= −3cosφ |180◦
90◦ = 3.



Along L3, dz = 0 anddφ = 0. Hence,dℓℓℓ = r̂ dr and

∫

L3

B ·dℓℓℓ =
∫ 0

r=3
(r̂ cosφ + φ̂φφsinφ) · r̂ dr

∣

∣

∣

φ=180◦

=
∫ 0

r=3
cosφ dr|φ=180◦ = −r|03 = 3.

Hence,
n

∫

C
B ·dℓℓℓ = 0+3+3 = 6.

(b)

∇×B = ẑ
1
r

(

∂
∂ r

(

rBφ −
∂Br

∂φ

))

= ẑ
1
r

(

∂
∂ r

(r sinφ)− ∂
∂φ

(cosφ)

)

= ẑ
1
r
(sinφ +sinφ) = ẑ

2
r

sinφ .

∫

S
(∇×B) ·ds=

∫ 3

r=0

∫ 180◦

φ=90◦

(

ẑ
2
r

sinφ
)

· ẑr dr dφ

= −2r|3r=0cosφ
∣

∣

∣

180◦

φ=90◦
= 6.

Hence, Stokes’s theorem is verified.


