
Problem 3.56 Determine if each of the following vector fields is solenoidal,
conservative, or both:

(a) A = x̂x2− ŷy2xy,
(b) B = x̂x2− ŷy2 + ẑ2z,
(c) C = r̂(sinφ)/r2 + φ̂φφ(cosφ)/r2,
(d) D = R̂/R,
(e) E = r̂

(

3− r
1+r

)

+ ẑz,
(f) F = (x̂y+ ŷx)/(x2 + y2) ,
(g) G = x̂(x2 + z2)− ŷ(y2 + x2)− ẑ(y2 + z2),
(h) H = R̂(Re−R).

Solution:
(a)

∇·A = ∇·(x̂x2− ŷ2xy) =
∂
∂x

x2− ∂
∂y

2xy = 2x−2x = 0,

∇×A = ∇×(x̂x2− ŷ2xy)

= x̂
(

∂
∂y

0− ∂
∂ z

(−2xy)

)

+ ŷ
(

∂
∂ z

(x2)− ∂
∂x

0

)

+ ẑ
(

∂
∂x

(−2xy)− ∂
∂y

(x2)

)

= x̂0+ ŷ0− ẑ(2y) 6= 0.

The fieldA is solenoidal but not conservative.
(b)

∇·B = ∇·(x̂x2− ŷy2 + ẑ2z) =
∂
∂x

x2− ∂
∂y

y2 +
∂
∂ z

2z = 2x−2y+2 6= 0,

∇×B = ∇×(x̂x2− ŷy2 + ẑ2z)

= x̂
(

∂
∂y

(2z)− ∂
∂ z

(−y2)

)

+ ŷ
(

∂
∂ z

(x2)− ∂
∂x

(2z)

)

+ ẑ
(

∂
∂x

(−y2)− ∂
∂y

(x2)

)

= x̂0+ ŷ0+ ẑ0.

The fieldB is conservative but not solenoidal.
(c)

∇·C = ∇·
(

r̂
sinφ

r2 + φ̂φφ
cosφ

r2

)

=
1
r

∂
∂ r

(

r

(

sinφ
r2

))

+
1
r

∂
∂φ

(

cosφ
r2

)

+
∂
∂ z

0

=
−sinφ

r3 +
−sinφ

r3 +0 =
−2sinφ

r3 ,



∇×C = ∇×
(

r̂
sinφ

r2 + φ̂φφ
cosφ

r2

)

= r̂
(

1
r

∂
∂φ

0− ∂
∂ z

(

cosφ
r2

))

+ φ̂φφ
(

∂
∂ z

(

sinφ
r2

)

− ∂
∂ r

0

)

+ ẑ
1
r

(

∂
∂ r

(

r

(

cosφ
r2

))

− ∂
∂φ

(

sinφ
r2

))

= r̂0+ φ̂φφ0+ ẑ
1
r

(

−
(

cosφ
r2

)

−
(

cosφ
r2

))

= ẑ
−2cosφ

r3 .

The fieldC is neither solenoidal nor conservative.
(d)

∇·D = ∇·
(

R̂
R

)

=
1

R2

∂
∂R

(

R2
(

1
R

))

+
1

Rsinθ
∂

∂θ
(0sinθ)+

1
Rsinθ

∂
∂φ

0 =
1

R2 ,

∇×D = ∇×
(

R̂
R

)

= R̂
1

Rsinθ

(

∂
∂θ

(0sinθ)− ∂
∂φ

0

)

+ θ̂θθ
1
R

(

1
sinθ

∂
∂φ

(

1
R

)

− ∂
∂R

(R(0))

)

+ φ̂φφ
1
R

(

∂
∂R

(R(0))− ∂
∂θ

(

1
R

))

= r̂0+ θ̂θθ0+ φ̂φφ0.

The fieldD is conservative but not solenoidal.
(e)

E = r̂
(

3− r
1+ r

)

+ ẑz,

∇ ·E =
1
r

∂
∂ r

(rEr)+
1
r

∂Eφ

∂φ
+

∂Ez

∂ z

=
1
r

∂
∂ r

(

3r− r2

1+ r

)

+1

=
1
r

[

3− 2r
1+ r

+
r2

(1+ r)2

]

+1

=
1
r

[

3+3r2 +6r−2r−2r2 + r2

(1+ r)2

]

+1 =
2r2 +4r +3

r(1+ r)2 +1 6= 0,

∇×E = r̂
(

1
r

∂Ez

∂φ
− ∂Eφ

∂ z

)

+ φ̂φφ
(

∂Er

∂ z
− ∂Ez

∂ r

)

+ ẑ
(

1
r

∂
∂ r

(rEφ )− 1
r

∂Er

∂φ

)

= 0.

Hence,E is conservative, but not solenoidal.



(f)

F =
x̂y+ ŷx
x2 + y2 = x̂

y
x2 + y2 + ŷ

x
x2 + y2 ,

∇ ·F =
∂
∂x

(

y
x2 + y2

)

+
∂
∂y

(

x
x2 + y2

)

=
−2xy

(x2 + y2)2 +
−2xy

(x2 + y2)2 6= 0,

∇×F = x̂(0−0)+ ŷ(0−0)+ ẑ
[

∂
∂x

(

x
x2 + y2

)

− ∂
∂y

(

y
x2 + y2

)]

= ẑ
(

1
x2 + y2 −

2x2

(x2 + y2)2 −
1

x2 + y2 +
2y2

(x2 + y2)2

)

= ẑ
2(y2− x2)

(x2 + y2)2 6= 0.

Hence,F is neither solenoidal nor conservative.
(g)

G = x̂(x2 + z2)− ŷ(y2 + x2)− ẑ(y2 + z2),

∇ ·G =
∂
∂x

(x2 + z2)− ∂
∂y

(y2 + x2)− ∂
∂ z

(y2 + z2)

= 2x−2y−2z 6= 0,

∇×G = x̂
(

− ∂
∂y

(y2 + z2)+
∂
∂ z

(y2 + x2)

)

+ ŷ
(

∂
∂ z

(x2 + z2)+
∂
∂x

(y2 + z2)

)

+ ẑ
(

− ∂
∂x

(y2 + x2)− ∂
∂y

(x2 + z2)

)

= −x̂2y+ ŷ2z− ẑ2x 6= 0.

Hence,G is neither solenoidal nor conservative.
(h)

H = R̂(Re−R),

∇ ·H =
1

R2

∂
∂R

(R3e−R) =
1

R2(3R2e−R −R3e−R) = e−R(3−R) 6= 0,

∇×H = 0.

Hence,H is conservative, but not solenoidal.


